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Ahstmet. The physical phenomena occuring in a diamond-type crystal are usually described 
in terms of the invariants of some representations of the space group 0:. By choosing a 
new description. we obtain equivalent reoresentations in which theexwessions of the usual . .  

 invariants are siinpler. 
The mathematical facilities obtained by usinr! these representations offer new possibilit- . .  

ies for elaboraling improved variants of the usual theories or extensions from perfect crystals 
to crystals with impurities or defects. 

1. Introduction 

The diamond-type crystals are among the most widely discussed crystals in literature, 
and the usual theories supply results in good agreement with the experiment [l-241. 
These theories are formulated in terms of the invariants of some representations of the 
space group 0,' [25-281, but generally the mathematical expressions of these invariants 
are not simple. We think that the crystals having diamond or zincblende structure are 
important enough to justify the utilization (beside the classical description) of a specific 
description in which the mathematical objects (equations, operators, etc) with physicdl 
significance have a simple obviously 0:-invariant form. To obtain this description we 
use a four-axes description very similar to the well known four-axes description one 
uses in the case of the hexagonal lattice [29]. 

To illustrate the mathematical facilities offered by the representations of 0: obtained 
by using this description, we consider some classes of invariants which generalize certain 
invariants used in the actual theories. 

We think that such mathematical objects allow us to obtain improved variants for 
the existing theories, new extensions of these theories from perfect crystals to crystals 
with impurities or defects, new theories; etc. 

2. Some representations of the space group 0,' 

Let h be the ring of integers, and let N be the set of all natural numbers. The metric 
space (Dm, S), where 

mw = {n= (no, n l  , n2, n 3 ) ~ H 4  I no+n, +it2 +n3c (0; I }} (1) 
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and 
3 

S:D, x D,-N, S(n,n')= C1n,-nj1 (2) 
j - 0  

is a mathematical model for the 'infinite' crystal having the structure of diamond (n'e D, 
is a neighbour of order k of neD, if 6(n, n') = k )  [30-321. 

The group of all isometries of the space (D,, S), that is, the group of all trans- 
formations g:D,+D, such that 

J k ( n ) ,  g(n')) = S(n, n3 (3) 

for all n, n'ED,, is isomorphic to the ,ace group 0: [ 3 0 ] .  This group, denoted also 
by 0,' (it can be regarded as a faithful representation of 0: as a group of permutations 
of the set EDm), is the group generated by the transformations 

A, A, : D,-.D, 

O,'={g~ogzo.. . ogjlj€N\{O},gl, 0,.  . . , g j ~ { A }  U {&IC€&}}. ( 5 )  

We will use the relation (5) as a definition for the space group 0,'. 

whose elements are the cosets [33] 
LetNEN, N 2 3 ,  beafixednaturalnumber,andlet &bethequotient spaceZ/(KZ) 

O={O+kNI k e a )  

1 ={1  + k N l k e Z } ,  . . . 
N -  l = { ( N - l ) + k N l k e Z ) .  

As usual, we denote 

- k = N - k  

for any ks{O, 1,.  . . , N -  1). 

diamond by using the set 
We will obtain a mathematical model for the 'finite' crystal having the structure of 

D= {.=(no, n l ,  n2,  n3)e(hN)41 no+nl +nz+n3e{0; 1)) (7) 

having N'=2N3 elements, instead of,D,. The utilization of ZN instead of h is similar 
to the usual method based on the periodicity conditions. 

For each neD, we consider the elements 

(8) 
no= (no+ d n ) ,  nt , n2,n.d n'=(no,nt+&(n),nz,nS) 
n'=(no,nt,nz+&(n),n3) n . = ( n o , n l , n ~ , s + ~ ( n ) )  7 



A Mafheinatical Model for Diamond-Type Crystals 1313 

where 

1 ~ ifno+nl+nz+n3=0 
if no+nl + nz+n3= 1 

E(n) = 

to be the first neighbours of n, the elements 
"jk=( ,J)*  

where j ,  ke{O. 1, 2, 3). j # k ,  to be the second neighbours of n, the elements 
njkl= ( ( , @ ) I  

By using the formulae 
wherej, k, IE{O, 1, 2, 3 } ,  j # k # l ,  to be the third neighbours of n, etc. 

A,A,,:D+D 

A(no,nl,nz,n3)=(-nO+l,-nl, -n~,-n3) (10) 

M n o .  XI, n2, n3)=(nS(0) ,  nU(lJ, nU(z), 

we obtain a representation of 0,' as group of permutations of the set D. The image of 
this representation will be also denoted by Ol, that is, 

O,'= { g ~  O g 2 0 . .  .,og,.:D+DI j ~ N \ [ 0 } ,  gl, . . . , g j e { A )  U {A,,] D E & ) } .  (11) 
The bijection 

(12) q ( q ,  1 2 1 ,  n2, n3)  = (-no -nl + i l l +  n3, -no,+ n l  - n2 +n3, -no + n l  +n2 -3 
establishes the correspondence between this description and a variant of the usual one 
[30, 311. The usual description of 0,' in q(D) can be obtained by associating the 
transformation 

q: D+rp(D) 4 E N ) 3  

v"gO9-I:v(D)-v(D) (13) 
to each element g.sO;, g: D+D. The mathematical expression of the representation of 
0,' in D is simpler than the expression of the corresponding representation in q(D). 

The space (2, (. , .), where 

,#= { w :  D+C I y is a function} 
~ 

(Y l3 wz>= c w d n )  w 2 ( 4  

(r,w)(n) = vk-'(rz)) (15) 

(14) 
ne61 

is a Hilbert space isomorphic to the usual Hilbert space C". The formula 

where nED. gcO;, defines a unitary representation of 0,' in 2. 
The relations 

A(Xo,xi.xz3x3)=(-xo. -xi, -X2, -X3) 
A ~ W O  2 XI 3 

k = {(,Yo, XI, x2, X,) I XO+Xl +x* +x, =O} 

Xd = ( X ~ ( O )  3 ~ ~ C I J  3 X~IZJ > x d  
define a linear representation of the group 0,' in the vector space 
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and the formula 

( R c X ) ( i ,  n)=g(X(t ,  g-'(n))) 

defines a linear representation of 0,' in the space of functions 

X i s  a function differentiable 
with respect to I 

A mathematical object defined on a representation of 0,' is 0;-invariant if and only if 
it is invariant under the transformations corresponding to A and A,, for any LTEC,. 

3. An application to lattice dynamics of diamond-type crystals 

Let A be the equilibrium position of an atom of a crystal having the structure of 
diamond, and let Ao, A I ,  A>, A, be the equilibrium positions of the first neighbours of 
.4. Since the point A is the centre of the regular tetrahedron AoAIA2A3, it follows that 
the unitary vectors eo, e l ,  e*, e3 corresponding to the oriented segments AAo,  A A ! ,  
AA2 ,  A A ,  verify the relation 

eo + el + e2 + e3 = 0. (18) 

To describe the position P at time i of the atom of the crystal whose equilibrium 
position is P, we use the element 

(eo * PP', el . PP', e3 .  PP', e2- PP')EU 

that is. the orthogonal projections of the vector PP' on the four axes corresponding to 
the vectors eo, e , ,  e2. q. 

To describe the time evolution of the atoms of the crystal with respect to their 
equilibrium positions, we use a function ,YE$(. 

Let Qg, Qgq be real constants such that 

(19) q)y = Qg"(pl.(p 
01,)UI ) 

Q"@' UI,)"I l )  

for all j ,  l , p ,  q ~ { 0 ,  1, 2, 3 } , p # q ,  UE&, and let r n ~ ( 0 ,  m). The system of equations 
3 3  d2 

? r r - X ( t , n ) =  c 0'5[x/(t,nP)-X/(i,n)J 
dr2 p - 0 1 = 0  

3 

+ 1 @f?[X/(t, nP')-X/(I. n)] 
pdq 1-0 

where j E { O ,  I ,  2, 3}, RED, and 

x:RxD+a,  X ( t ,  n)=(Xo(t, 4 X d L  n). X A t ,  n), X 3 0 ,  n ) )  
is an 0:-invariant system of equations. Indeed, it is invariant under the transformation 
A, and since 

for all DE&,  ED, j E { O ,  I ,  2,3}, it follows that the system (20) is invariant under the 
transformations Am. 
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Looking for solutions of the form 

where 

K E ~ =  { K= (KO, K I  , Kz , K3) E II I &E { 2 i r l /N  I I C  {O, 1 ,2 ,  . . . , N -  1 } } }~ (24) 
and (A,) ,  (E,)EII, the system (18) becomes 

_I _. 
nio2B,= - C Q;S[A/exp(-iK,J-B,]- 1 Q~qE,[exp(i(K,-Kp))-l] 

wherejE{O, 1, 2, 3). 

system (25) is equivalent to the system 

p=o /=o p f q  /-U 

Since only six of these equations are independent and Z&o Aj=O, F&o Bj=O, the 

3 - 1 ( Q 7 - @ ~ ) E / [ e x p ( i ( K , - K p ) ) -  11 
p f q l - l  

where j e {  1 , 2 , 3 ) .  
The system of equations (20) corresponds to the system of equations used in lattice 

dynamics of diamond-type crystals (the model of Born-von Karman type) [ 1,,24, 341. 
Particularly, .for U$, determined by using ( 1  9) and 

243.91 0 0 
151.17 43.31 43.31 
43.31 157.17 43.37 

0 43.31 43.31 151.17 

22.8 7.28 1.28 -14.8 
15.28 0 0 

15.28 0 0 (28) 7.28 03 
30 . . .@33 

-30.8 15.28 15.28 22.8 

the system of equations (20) corresponds to the system of equations used in the article 
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of Patel et al. [24] for the description of the lattice dynamics of the diamond crystal 
(the constants are in units of N m-]. 

By using (26)  and the bijection 

R3+0 

k = (X, y, i) -+K (2% 
= ((-x - y - 2). (-x + y + z), (x - y + z), (x + y - 2)) 

we can re-obtain the dispersion curves for diamond in good agreement with experiment 
(see the figure presented in Patel's article). 

In the usual description, the symmetry conditions (19) for the interaction constants 
and the system of equations (20) have complicated mathematical expressions, even in 
the case when we consider only interaction with first neighbours (one can see this case 
presented in detail in [34]). 

We can extend our formalism to include interactions with the third, fourth. etc, 
neighbours without important complicalions. 

4. An application to quasi-bound electron theory 

Let a, P E R  be two real constants. The operator 

EX-PSl" (Vv)(n)=av(n)+p i v ( n j )  
j - 0  

is a self-adjoint 0;-invariant operator. Indeed, 
3 

- 3  -~ 
= c a v h )  v2(n)+PC C v l~ (n )  v2(4=(v1, Vv2) (31) 

A-'(nj)=(A-'(n))j A;'(n')=(A;'(n))uLj' (32) 

Tgo V= VQ To (33) 

"EO 1-0 "ED 

and since 

we get 

for any gaol. 
In the case of an electron lying inside a diamond-type crystal and considered in the 

tight-binding approximation [35], one assume that the only possible positions of the 
electron are in the proximity of an atom of the crystal. 

Denoting by In) the wavefunction corresponding to the electron lying in the proxim- 
ity of atom n,  the general wavefunction is a superposition 
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For a = -4 and- p = I ,  the operator V considered above is similar to the discrete 
Laplacean one considers [36] on the space /'(Z3) used in the case of the crystals having 
the structure of a cubic lattice. In this sense, the operator Vdefined above is an operator 
of Schrodinger type. 

Looking for eigenfunctions of V having the form 

yK:D-'@ 

where K=(Ko ,  K , ,  KZ, &)CY, a, b d  are constants, the relation 

VvK' A K v K  

is equivalent with the system of equations 
3 

1-0 
3 

1=0 

aa+pb exp(iKj)=A& 

ab+paC exp(-iKj)=A&. 

It follows that the solutions 

of the equation 

are eigenvalues of V for any K E Y .  Particularly, if K E F  satisfies the relation 
3 

j = o  
1 sin KJ=O 

then 
3 

J = o  
A K = a k p C  cosKj 

(39) 

(40) 

are eigenvalues of V. 

incIude the interaction with the second neighbours, we can use the operator 
The result obtained is in concordance with the existence of the energy bands. To 

3 

V:  x+x ( Vw)(n)  =a w(n) + P C v W  + Y 1 W'). (41 ) 
1-0 )#I 
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A more detailed description, is obtained by choosing the Hilbert space 

lY(r, n)lzdv< CO; Y(P,  n)=O if  IIJ$ 3- (42) 

where d is the distance between the nearest atoms of the crystal, 11(x,y, a) / l=  
( X ~ + ~ ~ + Z ~ ) ' ' ~  is the usual norm on R3, and by using a Hamiltonian of the form H= 
FIo+ V, where H ,  is the Hamiltonian of the isolated atom and 

3 

( W ) ( v ,  n )  = aY(v, n) + p c Y(v, n') 
1-0 

describes the interaction with the neighbouring atoms. 
If K E ~ ,  ly. : iw3+@ is an eigenfunctioii of H. 

K ,  = E. lyc7 (45) 

such that ly,,(i.) = O  for llrll >d/2, and y K :  D+C is an eigenfunction of Vcorresponding 
to the eigenvalue ,IK, then 

Y : P x  D+C w, 4 = W.(f) ' vdn) (46) 

is an eigenfunction of N corresponding to the eigenvalue E=E.+&. Hence the opera- 
tor N has eigenvalues of the form 

that is, each level E,, corresponds in the crystal to a band of levels of width 
translated with a. 

5. Conclusions 

The considered representations of 0: are more advantageous than the usual ones as 
regards the possibility of defining mathematical objects with a simple 0;-invariant form 
and their physical significance. 

Generally speaking, the ideas presented can immediately be extended to zincblende- 
type crystals. 

The correspondence between the proposed description and the usual one has a 
simple form, and we can choose in each situation the most convenient of them. These 
descriptions used together may offer significant advantages. 
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